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THE UNSTEADY LIFT OF A FINITE WING 
By R o b e r t  T .  J o n e s  
Uns teady  l i f t  f u n c t i o n s  f o r  wings o f  f i n i t e  a s p e c t  
r a t i o  have  been  c a l c u l a k e d  by a p p r o x i a a t e  methods i n v o l v -  
i n g  c o r r e c t i o n s  o f  t h e  aerodynaln ic  i n e r t i a  and  o f  t h e  an- 
g l e  o f  t h e  i n f i n i t e  wing. 
The s t a r t i n g  l i f t  of t h o  f i n i t e  wine i s  found t o  b e  
o n l y  s l i g h t l y  l e s s  t h a n  t h a t  or" t h e  i n f i n i t e  wing;  w h e r e a s  
t h e  f i n a l  l i f t  may b e  c o n s i d e r a b l g  l e s s .  The c a l c u l a t i o n s  
i n d i c a t e  t h a t  t h e  d i s t r i b n t i o n  o f  l i f t  n e a r  t h e  s t a r t  i s  
s imi l a r  t o  t h e  f i n a l  d i s t r i b u t i o n .  
B o t h  t h e  i n d i c i a 1  and  t h e  o s c i l l a t i n g  l i f t  f u n c t i o n s  
a r e  g i v e n .  Approximate  o p e r a t i o n a l  e q u i v a l e n t s  o f  t h e  
f u n c t i o n s  have  b e e n  d e v i s e d  t o  f a c i l i t a t e  t h e  c a l c u l a t i o n  
o f  l i f t  u n d c r  v a r i o u s  c o n d i t i o n s  o €  motion .  
IIJTRODU C ' P I O N  
The two-d imens iona l  p o t e n t i a l  t h e o r y  of a i r f o i l s  i n  
u n s t e a d y  motion was s e t  f o r t h  by Bagncr ( r e f e r e n c e  1) and  
has been  e x t e n d e d  t o  p r o b i e r i s  i n v o l v i n g  t h e  mot ion  of 
h i n g e d  o r  f l e x i b l e  a i r f o i l s  by  Theodorsen  ( r e f e r e n c e  2)  
a n d  Kiissncr ( r e f e r e n c e  3 ) .  
I t  i s  known t h a t ,  i n  t h e  c a s e  o f  s t e a d y  mot ion ,  a 
c o r r e c t i o n  i s  n e c e s s a r y  b e f o r e  t h e  r e s u l t s  of t h e  two-di -  
m e n s i o n a l  t h e o r y  can  b e  a p p l i e d  t o  a c t u a l  wings  o f  f i n i t e  
a s p e c t  r a t i o .  No c o r r e s p o n d i n g  c o r r e c t i o n  h a s ,  however ,  
been  d o v e l o p e d  f o r  tine c o n d i t i o n s  of nonun i fo rm mot ion .*  
The c a l c u l a t i o n s  c o n t a i n e d  h e r e i n  l e a d  t o  s u c h  a c o r r e c -  
t i o n ,  which  i s  a p p l i c a b l e ,  w i t h i n  t h e  u s u a l  l i m i t a t i o n s ,  
t o  a r b i t r a r y  d y n a a i c a l  c o n d i t i o n s  of m o t i o n ,  
*A d i s c u s s i o n  i n  g e n e r a l  t e r m s  o f  such  a c o r r e c t i o n  has 
been g i v e n  i n  a r e c e n t  g a p e r  by C i c a l a  ( r e f e r e n c e  4 ) .  
- ,  . --- -I--*----- 
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THE . I N D I C I A L  LIFT 
I n f l u e n c e  of t h e  Wake 
-. 
Owing t o  t h e  p r e s e n c e  of c i r c u l a t i o n ,  t h e  l i f t i n g  
wing l e a v e s  i n  i t s  wake a s u r f a c e  of d i s c o n t i n u i t y  whose 
l o c a l  v o r t e x  s t r e n g t h  w i l l  b e  d e t e r m i n e d  b y  t h e  r a t e  of  
change o f  c i r c u l a t i o n  t a k e n  b o t h  a c r o s s  t h e  span  and  a l o n g  
t h c  f l i g h t  p a t h ,  ( S e e  f i g .  1.) The f o r m a t i o n  o f  such  a 
wake a n d  t h e  c o n f i g u r a t i o n  of t h e  v o r t i c e s  i n  t h e  wake a r e  
d e t e r m i n e d  by t h 8  a s s u m p t i o n  t h a t  t h e  f l o w  a t  e a c h  i n s t a n t  
conforms t o  t h e  Hutta c o n d i t i o n .  An e s s e n t i a l  f e a t u r e  of  
t h e  p r o b l e m  i s  t h e  Cie te rmina t ion  o f  t h e  i n f l u e n c e  of t h i s  
Take on t h e  wing,  
I t  i s  i m p o r t a n t  t o  n o t e  tha t  t h e  wake i s  supposed  t o  
r c a a i n  p l a n e  ‘ and  u n d i s t o r t e d .  The consequence  of t h i s  as- 
suinpticin i s  t h a t  . t h e  e f f e c t s  o f  t h e  wake a r e  a d d i t i v e ,  p e r -  
m i t t i n g  t h e  v a r i o u s  f l o w s  t o  b e  b u i l t  up by s u p e r p o s i t i o n ,  
Thus ,  i f  t h e  s o l u t i o n  i s  known f o r  t h e  c a s e  o f  a sud- 
den  s t a r t  of t h e  ‘motion - o r  T h a t  amounts  t o  t h e  same 
t h i n g  under’  t h e  a s s u m p t i o n s  i n v o l v e d ,  a sudden  change i n  
a n g l e  of a t t a c k  - t ’ h i s  s o l u t i o n  may b e  u s e d  a s  t h e  e l e n e n t  
i n  a n  i n t e g r a l  t h a t  g i v e s  t h e  l i f t  i n  any  v a r i a b l e  mot ion .  
T i t h  t h i s  p o i n t  i n  mind,  a t t e n t i o n  w i l l  f i r s t  be  d i r e c t e d  
t o  t h e  s p e c i a l  c a s e  i n  which t h e  wing s t a r t s  sudden ly  f r o m  
r e s t  a t  t = 0 a n d  m a i n t a i n s  t h c  u n i f o r m  f l i g h t  v e l o c i t y  
V w i t h  t h e  normal  v e l o c i t y  w t h e r e a f t e r .  
B e f o r e  t h e  t h r e e - d i m e n s i o n a l  p rob lem i s  c o n s i d e r e d ,  
i t ’ w . i l 1  b e  h e l p f u l :  t o  r e v i e w  c e r t a i n  a s p e c t s  of t h e  t w o -  
d i n e n s i o n a l  t h e o r y .  F i g u r e  2 shows t h e  e l e m e n t a l  f l o w  
used  a s  a s t a r t i n g  p o i n t  -by FVagner ( r e f e r e n c e  1 ) .  
This f l o w  i s  c a u s e d  by t w o  v o r t i c e s ,  r e p r e s e n t i n g  a n  
c lcmont  of c i r c u l a t i o n  a round  t h e  wing a n d  t h e  v o r t e x  l e f t  
i n  t h e  wake when thi .s  c i r c u l a t i o n  w a s  g e n e r a t e d .  The 
s t r e a n l i n e s  o f  t h i s  f l o w  a r e  e c c e n t r i c  c i r c l e s  and .  one 
such  c i r c l e  of u n ’ i t  radius i s  c h o s e n  t o  r e p r e s e n t  t h e  w i n g  
s e c t i o n ,  The a x e s  a r e  t h e n  p l a c e d  s o  t h a t  t h i s  c i r c l e  has 
i t s  c e n t e r  a t  t h e  o r i g i n .  The geometry  of t h e  p a t ’ t e r n  i s  
such  t h a t ,  when t h o  make v o r t e x  i s  a t  2 , ’  t h e  wing  v o r t e x  
must b e  a t  l / z .  Such s p a c i n g  p r e s e r v e s  t h e  u n i t  c i r c l e  a s  
a s t r e a m l i n e  of  t h e  f l o w .  % ,  
. . .  
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Tran ' s fp rma t ion  , o f  t h e  p a t t e r n  by t h e  ' f o r m u l a  
1 2 5 = z  + -  
z 
f l a t t e n s  t h e  u n i t  c i r c l e  i n t o  a t h i n - l i n e  wing  s e c t i o n  
Joukowski  f i g u r e s  ( f i g .  2 ) .  
' a n d  d i s t o r t s  t h e  o r i g i n a l l y  c i r c u l a r  s t r o a m l i n e s  i n t o  o v a l  
The t r a n s f o r m e d  p a t t e r n  t h u s  r e p r e s e n t s  t h e  c i r c u l a -  
t o r y  f l o v  a b o u t  a s o r i e s  of  s y m m e t r i c a l  J a u k o n s k i  a i r f o i l s  
; v i t h  a n  a s s o c i a t e d  c o u n t e r v o r t e x  i n  t h e  wake. F o r  conven- 
i e n c e ,  t h e  i d e a l l y  t h i n  a f r f o i l  i s  chosen .  
Each e l e a e n t a r y  f l o w  of t h e  t y p e  shown ( f i g .  2 )  con- 
t r i b u t e s  a c e r t a i n  v e l o c i t y  a r o u n d  t h e  t r a i l i n g  edge o f  
t h e  a i r f o i l .  An i n s t a n t a n e o u s  f l o w  due t o  a n  a n g l e  o f  a t -  
t a c k  o f  t h e  a i r f o i l  a l s o  g i v e s  a t r a i l i n g - e d g e  v e l o c i t y ,  
b u t  of  o p p o s i t e  s e n s e .  On t h i s  b a s i s ,  t h c  p r o b l e n  of c i r -  
c u l a t i o n  w i t h  v a r y i n g  a n g l e  o f  a t t a c k  may b e  s o l v e d  by a n  
i n v e r s e  p r o c e d u r e .  Assume soi~le  c o n v e n i e n t  d i s t r i b u t i o n  of 
wake v o r t i c i t y  and  c a l c u l a t e  t h e  t r a i l i n g - e d g e  v e l o c i t y  a t  
each  p o i n t  a l o n g  t h e  f l i g h t  p a t h  c o r r e s p o n d i n g  t o  t h e  for- 
m t i o n  of t h e  p r e s c r i b e d  nnke. The p a r t i c u l a r  v a r i a t i o n  
o f  a n g l e  o f  a t t a c k  n e c e s s a r y  t o  c n n c o l  t h i s  t r a i l i n g - e d g e  
I f l o w  a t  e a c h  i n s t a n t  (Kutta c o n d i t i o n )  can  t h c n  b e  d e t e r -  
* mined. I f  a number 3f such c u r v e s  a r e  f o u n d ,  t h e y  may b e  
added  i n  v a r i o u s  p r o p o r t i o n s  s o  a s  t o  a p p r o x i m a t e  any  p r e -  
s c r i b e d  v a r i a t i o n  o f  a n g l e  of a t t a c k ;  t h e  c o r r e s p o n d i n g  
c u r v e s  of v a r i a t i o n  of c i r c u l a t i o n  a l o n g  t h e  f l i g h t  p a t h  
a r e  t h e n  added  i n  l i k e  p r o p o r t i o n s .  
I t  w a s  i n  e s s e n t i a l l y  t h e  a a n n e r  j u s t  d e s c r ' i b e d  t h a t  
3 a g n e r  ( r e f e r e n c e  1) b u i l t  up t h e  f l o w  p roduced  by a w'ing 
d u r i n g  t h e  u n i f o r m  motion f o l l o v i n g  a sudden  u n i t  change  
i n  a n g l e  of a t t a c k ,  The i n t e g r a t e d  ' p r e s s u r e s  ove r  t h e  
a i r f o i l  g i v e  a l i f t  c o e f f i c i e n t  that  a p p r o a c n e s  a s y m p t o t i -  
c a l l y  t h e  known s t e a d y  v a l u e  2n. The s t a r t i n g  l i f t  i s  
found t o  be  e x a c t l y  one-ha l f  t h i s  v a l u e .  Tha c e n t e r  of  
p r e s s u r e  rernains a t  t h e  q u a r t e r - c h o r d  p o i n t  t h r o u g h o u t  t h e  
mot ion .  
In t h e  c a s e  of t h e  f i n i t e  w ing ,  a n  e l e m e n t  o f  t h e  
wake w i l l  b e  a s  d e p i c t e d  ' i n  f i g u r e  2 b u t  wi.11, i n  a d d i t i o n ,  
c o n t a i n  v o r t i c e s  c o m p l e t i n g  e a c h  c i r c u i t  t o  t h e  wing 
t h r o u g h  t h e  t i p s ,  Near the s ta r t  o f  t h e  m o t i o n ,  t h e s e  t i p  
v o r t i c e s  w i l l  be  s h o r t  and  t h e i r  i n f l u e n c e  on t h e  wing  w i l l  
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c o n s e q u e n t l p  be  sma l l ,  .Yence, t h e  s t a r t i n g  l i f t  of t h e  
f i n i t e  wing w i l l  b e  v e r y  n e a r l y  e q u a l  t o  t h a t  of t h e  i n -  
f i n i t e  wing. A s  t h e  wake l e n g t h e n s ,  t h e  c o r r e c t i o n  w i l l  
i n c r e a s e  and  f i n a l l y  a p p r o a c h  t h e  magni tude  g i v e n  by t h e  
P r a n d t l  t h e o r y .  
I n  t h e  p r e s e n t  p rob lem,  i t  i a d e s i r e d  t o  f o l l o w  a l o n g  
t h e  l i n e s  i n d i c a t e d  by  t h e  P r a n d t l  t h e o r y  i n s o f a r  as pos-  
s i b l e ,  u s i n g  t h e  e x i s t i n g  t w o - d i a e n s i o n a l  t h e o r y  a s  a b a ’ s i s  
and  d e t e r m i n i n g  t h e  e f f e c t  of a s p e c t  r a t i o  a s  a c o r r e c t i o n .  
Xi th  l o n g  t i p  v o r t i c e s ,  and w i t h  s m o o t h  d i s t r i b u t i o n s  o f  
l o a d ,  c a l c u l a t i o n s  show n e a r l y  u n i f o r m  d i s t r i b u t i o n s  o f  
downwash ove r  t h e  wing .  With a shor t  wake, however ,  t h e  
c a l c u l a t i o n s  show p r o p o r t i o n a t e l y  much g r e a t e r  c u r v a t u r e  
of t h e  induced  f l o p  s o  t h a t  t he  e f f e c t s  n e a r  t h e  s t a r t  
c a n n o t  be  a p p r o x i m a t e d  by a s i m p l e  a n g l e - o f - a t t a c k  c o r r e c -  
t i o n  a s  i n  t h e  P r a n d t l  t h e o r y .  
L i f t  Bear t h e  S t a r t  
The s t a r t i n g  l i f t  of a n y  wing may l ? e . s x p r e s s e d  i n  a ‘  
v e r y  s i m p l e  rnanner b a s e d  oli t h e  Xutta c o n d i t i o n .  I t  i s  
seen  t h a t ,  a s  a consequence  o f  t h i s  c o c d i t i o n ,  t h e  p o r t i o n  
of  wake a d j a c e n t  t o  t h e  t r a i , l i n g  edge must move as  a n  5.m- 
p e r m e a b l e  e x t e n s i o n  o f  t h e  wits s u r f a c e .  2he f l o w  p ro -  . 
duced  a t  t h e  f i r s t  i n s t a n t  i s  t n e  same a s  t h a t  c a u s e d  by  
t.he wing i n  p r o c e s s  o f  g rowing  wide r  a t  t i l e  r a t e  V .  I t  
f ~ l l o ~ s  t h a t  t h e  s t a r t i n g  l i f t  may be  t h o u g h t  of a s  t h e  
r e a c t i o n  t o  u n i f o r m  motion of  i& wing w i t h  i n c r e a s i n g  mass: 
.. 
clm’ 
L = w -  
d t  
where in! i s  t h e  mass r e p r e s e n t i n g  t h e  ae rodynamic  i n e r -  
t i a  o f  t h e  wing.  
- .  
. I n  o r d e r  t o  a p p l y  e q u a t i o n  (2) t o  t h e  f i n i t e  w ing ,  
i t  i s  n e c e s s a r y  t o  know t h e  i n e r t i a  f a c t o r  f o r  such  a 
wing a s  a f u n c t i o n  o f  t h e  n i d t h .  I n  g e n e r a l ,  i t  would 
t h e r e f o r e  be  n e c e s s a r y  t o  d e t e r m i n e  t h e  p o t e n t i a l  Zlow 
f o r  no rma l  motion of  e a c h  wing of giver? shape .  S o l u t i o n s  
a r e  p r o v i d e d ,  however ,  by c l a s s i c a l  hydrodynamic  t h g o r y  
for e l l i p t , i c  p l a t e s ,  and  i t  i s  p o s s i b l e  t o  use  t h e s e  solu- 
t i o n s  t o  r e p r e s e n t  a p p r o x i m a t e l y  t h e  i n i t i a l  r a t e  o f  i n -  
c r e a s e  o f  i n e r t i a  o f  a wing cYf c o n v e n t i o n a l  shape .  
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The d i s t r i b u t i o n  of p o t e n t i a l  ove r  e a c h  chordwfse  
s e c t i o n  o f  a n  e l l i p t i c  p l a t e  i n  normal  mot ion  h a s  t h e  
same f o r m  as  t h e  c o r r e s p o n d i n g  two-d imens iona l  p o t e n t i a l ,  
A t  a c e r t a i n  v a l u e  of t h e  n o r a a l  v e l o c i t y ,  t h i s  d i s t r i -  
b u t i o n  i s  g i v e n  by a c i r c l e  w i t h  t h e  chord  o f  t h e  s e c t i o n  
a s  t h e  d i a m e t e r .  Thus 
I n  two-d imens iona l  f l o w ,  t h e  no rma l  v e l o c i t y  i s  1.00 a n d  
i t  i s  s l i g h t l y  g r e a t e r  f o r  t h e  f i n i t e  d . isk.  The f a c t o r ’  
o f  i n c r e a s e  i s  t h e  r a t i o  o f  t h e  s e m i p e r i m e t e r  t o  t h e  s p a n ,  
g i v e n  by  t h e  e l l i p t i c  i n t e g r a l  E ,  i . e . ,  
If t h e  edge o f  t h e  p l a t e  d i s t o r t s  i n t o  a s l i g h t l y  
v i d e r  e l l i p s e  ( f i g .  3 )  , t h e  p o t e n t i a l  d i f f e r e n c e s  a r i s i n g  
m i l l  b e  measured by  t h e  d i f f e r e n c e s  ’bet;veen t h e  o r d i n a t e s  
o f  t h e  o r i g i n a l  a n d  o f  t h e  s l i g h t l y  expanded c i r c l e s ,  T h o  
change  i n  t h e  f a c t o r  E may be  n e g l e c t e d .  The p r e s s u r e  
d i f f e r e n t i a l  a t  a n y  p o i n t  i s  .siven by t h e  f o r m u l a  
where 
-1 c p =  -= s i n  e 
a n d ,  f r o m  t h e  geometry  o f  t h e  c i r c l e ,  
6 N . A . C . A .  T e c h n i c a l  Note’ No,  5 8 2  
The p r e s s u r e  a c r o s s  t h e  p l a t e  w i t h  n o r n a 1 , v e l o c i t y  !.v = E 
a n d  f l i g h t  v e l o c i t y  V i’s,. t h e r e f . o r e ,  
( 6 )  r = PV 2 c o t  6 - c o t  “1  
p t = o  L 2 -  
I n t e g r a t i o n  of t h i s  p r e s s u r e  o,ver any  s e c t i o n  g i v e s  t h e  
l i f t  coe f  f i c i  c n t  
w i t h  e a c h  l o c a l  c e n t e r  of  p r e s s u r e  at  t h e  q u a r t e r - c h o r d  
l i n e .  
The s t a r t  of  t h e  e l l i p t i c  w izg  i s  e q u i v a l e n t  t o  a 
u n i f o r m  l e n g t h e n i n g  of e a c h  chord., s o  t h a t  t h e  t r u e  e l l i p -  
t i c  o u t l i n e  i s  n o t  p r e s e r v e d .  I t  may b e  shovn ,  however ,  
t h a t  sucii  a change d o e s  conform v e r y  n s a r l y  t o  a change  
i n t o  a n o t h e r  s l i g h t l y  l a r g e r  e l l i p s e  a t  a l l  p o i n t s  e x c e p t  
t h o s e  n e a r  t h e  t i p s .  F u r t h e r m o r e ,  i f  i t  i s  assume3 tha t  
t h e , w i n g  i s  d i s t o r t e d  i n  a n y  of a nulnber o f  ways i n t o  a 
s l i g h t l y  d i f f e r e n t  e l l i p t i c a l  p l a n  fo rm,  i t  i s  found t h a t  
t h o  change  of v i r t u a l  i n e r t i a  i s  b u t  l i t t l e  a f f e c t e d  by 
t h e  change  i n  shape  and depends  p r i m a r i l y  o n  t h e  o v e r - a l l  
change i n  s i z e .  Each such d i s t o r t i o n  can b e  t h o u g h t  of a s  
r e g r e s e n t i n g  a c e r t a i n  d i s t r i b u t i o n  of t h e  s t a r t i n g  v e l o c -  
i t y  V a round  t h e  edge  o f  t h e  wing.  E q u a t i o n  ( 7 )  i s  e x a c t  
f o r  a l l  t h e s e  d i s t r i b u t i o n s  a n d ,  s i n c e  t h e y  may b e  made t o  
f a l l  c l o s e l y  on e i t h e r  s i d e  o f  t h e  c u r v e  V = c o n s t a n t  
( r c 2 r e s e n t i n g  t h e  s t a r t  of a r i g i d  w i n g ) ,  t h e  e q u a t i o n  i s  
c o n s i d e r e d  a p p l i c a b l e  t o  t h i s  c a s e  a l s o .  
The Downwash C o r r e c t i o n  
A f a i r l y  a c c u r a t e  c u r v e  of t i l e  g rowth  o f  l i f t  might  
be  drsnn by c o n n e c t i n g  t h e  s t a r t i n g  v a l u e  g i v e n  by equa-  
t i o n  ( 7 )  a s y m p t o t i c a l l y  t o  t h e  known s t e a d y  v a l u e .  A f t e r  
t h e  v i n g  h a s  p r o g r e s s e d  s e v e r a l  c??’ord l e n s t - h s ,  however ,  
t h e  e f f e c t  o f  t h e  v o r t e x  wake c a n  be  t r e a t e d  s imply  a s  a 
x o d i f i c a t i o n  of t h e  a n g l e  of a t t a c k  and  i n  t h i s  way i t  
w i l l  be p o s s i b l e  t o  o b t a i n  a c l o s e r  a p p r o a c h  t o  t h e  t r u e  
f o r m  of  t h e  c u r v e .  
F i g u r e  4 shows how a n  e l e m e n t a r y  l o o p  v o r t e x  i n  t h e  
. .  , , .. 
. 1 ,. . . > 
. .  
\ !  . .  
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wake o f  t h e  f i n i t e  wing can  b e  formed by c a n c e l a t i o n  f r o m  
a n  e l e L a e n t  of t h e  wake of t h e  i n f i n i t e  wing ,  The flow 
produced  b y . s e g m e n t s  9CD GF8 a c c o u n t s  f o r  t h e  a s p e c t - r a t i o  
e f f e c t  
The r e l a t i o n  d e t e r s i n i n g  t h e  s p a c i n g  of t h e  v o r t i c e s  
A a n d  E ( f i g .  4)  i s  found  i n  t h e  t m o - d i n e n s i o n a l  t h e o r y .  
(See f i g .  2 . )  A t  t i l e  i n s t a n t  a n  e lement  of c i r c u l a t i o n  i s  
a c q u i r e d  by t h e  wing ,  t h e  bound v o r t e x  and  t h e  c o u n t e r  wake 
v o r t e x  c o i n c i d e  a t  t h e  p o i n t  c o r r e s p o n d i n g  t o  t h e  t r a i l i n g  
edge o f  t h e  a i r f o i l .  The wake v o r t e x  i s  s u b s e q u e n t l y  c a r -  
r i e d  downstream w i t h  t l i 6  f l u i d  a t -  t h e  v e l o c i t y  V w h i l e  
t h e  bound v o r t c x  :noves ahead  i n t o  t h e  wing a s  ehown. I t  
i s  i m p o r t a n t  t o  n o t e  t n a t  t h e  p o s i t i o n , o f  t h e  c e n t r o i d  of 
t h e  ming c i r c u l a t i o n  i s  uncnanged by t h e  t r a n s f o r m t i o n  ' 
f r o m  t h e  c i r c u l a r  t o  t h o  f l a t  wing s e c t i o n s .  Thus,  when 
t h e  wake v o r t e x  i s  a t  [, t i l e  f l a t t e n e d  bound v o r t e x  r e -  
t a i n s  i t s  c e n t r o i d  a t  l / z .  The e q u i v a l e n t  l e n g t h  x of  
t h e  t i p  v o r t i c e s ,  i n  t e r m s  of  t h e  f l i g h t - p a t h  d i s t a n c e  s ,  
becone  s 
_11_1_ 2 x = y 1  4- s + &  -1- 2 s  - 
2 
The t i p  v o r t i c e s  d o  n o t ,  o f  c o u r s e ,  t e r n i n a t e  a b r u p t l y  
but  n e r g e  i n t o  t h e  wing. The e f f e c t i v e  l e n g t h  x g i v e s  
a good a p p r o x i m a t i o n  t o  t h e  e f f e c t  a t  s o n e  d i s t a n c e .  F i g -  
u r e  5 i l l u s t r a t e s  t h e  r a p i d  s p r e a d  o f  t h e  d i s c o n t i n u i t y  
i n t o  t h e  win: su'osequent t o  i t s  o r i g i n  a t  t h e  t r a i l i n g  
edge 
S i n c e  t h e  v o r t e x  wake i s  sugposed t o  r e m a i n  p l a n e  and  
u n d i s t o r t e d ,  t h e  p r i n c i p l e  of  s u g e r p o s i t i o n  can  be  a p p l i e d  
due t o  a n y  d i s t r i b u t i o n  o f  v o r t i c i t y  a l o n g  t h e  f l i g h t  p a t h  
and  o v e r  t h e  span  c a n  b e  c o a p u t s d  by i n t e g r a t i o n  o f  t h e  
e f f e c t s  o f  e l e m e n t a r y  l i n e s  o f  t h e  p a t t e r n  i z d i c a t e d  i n  
f i g u r e  4. I n  t h e  s i m p l e s t  a s p e c t  o f  t h e  p r o b l e n ,  t h e  sur- 
f a c e  o f  d i s c o n t i n u i t y  ziay 3 e  r e p l a c e d  'cy a " s k e l e t o n "  com- 
posed  o f  t w o  t i p  v o r t i c e s  o f  f i n i t e  s t r e n g t h  connec ted  
a c r o s s  t h e  span  b y  a v o r t e x  s h e e t .  The t i p  v o r t i c e s  a r e  
l o c a t e d  i n  such  a way tha t  t h e i r  i n f l u e n c e  a t  t h e  midd le  
of t h e  winig a p p r o x i m a t e s  t h e  i n f l u e n c e  osf t h e  spanmise  
g r a d i n g  of 3 i s c o n t i n u i t y .  The p rob lem w i l l  f i r s t  b e  t r e a t -  
ed i n  t h i s  a a n n e r  and  will. l a t e r  b e  ex tende .3  t o  i n c l u d e  
t h e  e l l i p t i c a l  f o r m  03 spanwise  l o a d i n g .  
' t o  t h e  c a l c u l a t i o n  of domnwash mi ( s ) .  Then t h e  domnnash 
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A s t r a i g h t  downwash f l o w  a t  t h e  c e n t e r  b e i n g  a s sumed ,  
t h e  c a l c u l a t i o n  f o r  a n  e l e m e n t a r y  l o o p  i s  c a r r i e d  o u t  a t  
t h e  c h o r d w i s e  c e n t r o i d  of t h e  wing v o r t i c i t y  where t h e  
small i n f l u e n c e  of segments  B and G d i s a p p e a r s ,  By 
t h e  a p p l i c a t i o n  of B i o t - S a v a r t ' s  r u l e ,  t h e  downwash d u e  t o  
segments  D C  and  FH i s  f o u n d  t o  be 
The t r a n s f o r m a t i o n  of t h e  l e n g t h  x t o  t h e  d i s t a n c e  s 
i s  a c c o m p l i s h e d  by e q u a t i o n  ( 8 ) .  
Wi th  t h e  t i p ,  v o r t i c e s  a t  t h e  f i x e d  s p a c i n g  y ,  t h e  
downwash due t o  a n y  v a r i a t i o n  o f  v o r t i c i t y  a l o n g  t h e  f l i g h t  
p a t h  Y ( s )  may b e  found  f r o m  
C i r c u l a t i o n  and  L i f t  
The c i r c u l a t i o n  a r o u n d  t i le  wing a t  l a t e r  s t a g e s  of 
t h e  mot ion  may bo d e t e r m i n e d  f r o m  t h e  two-d imens iona l  
t h e o r y  by u s i n g  t h e  e f f e c t i v e  a n g l e  of a t t a c k  
where 
Let  rl ( s )  be  t h e  r i s e  of  c i r c u l a t i o n  f o l l o w i n g  a u n i t  
jump o f  a n g l e  of a t t a c k  ( i n d i c i a 1  c i r c u l a t i o n )  a s  g i v e n  
by Vagner ( r e f e r e n c e  1) f o r  t l ie  i n f i n i t e  wing .  (The sub- 
s c r i p t  1 i s  u s e d  h e r e i n a f t e r  t o  d e n o t e  t h e  e f f e c t  of a 
u n i t  jump of  a n g l e  of a t t a c k  o c c u r r i n g  a t  s = 0.) Then, 
f o r  t h e  f i n i t e  w ing ,  
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The d e t e r m i n a t i o n  of t h e ,  e f f e c t i v e  a n g l e  of a t t ack  a n d  t h e  
c i r c u l a t i o n  of t h e  f i n i t e  ‘wiag t h u s  depend on t h e  s i m u l m  
t a n e o u s  s o l u t i o n  of i n t e g r a l  e q u a t i o n s  (10) and  (12).  
Tho f o r m a l  s o l u t i o n  o f  e q u a t i o n s  ( l o ) ,  (ll), a n d  (12) 
f o r  t h e  i n d i c i a l  downwash w i l ( s )  and f o r  t h e  i n d i c i a l  
c i r c u l a t i o n  Y, (s )  would be  e x p e c t e d  t o  be  q u i t e  d i f f i -  
c u l t .  I t  i s ,  however ,  a f a i r l y  e a s y  m a t t e r  t o  f i n d  s a t i s -  
f a c t o r y  c u r v e s  b y  t r i a l ,  p a r t i c u l a r l y  s i n c e  i t  i s  known 
that  Y l ( s )  c o i n c i d e s  w i t h  r l ( s )  and  t h a t  w i l ( s )  = 0 
a t  t h e  b e g i n n i n g  (s = 0 ) .  F i g u r e s  6 a n d  7 show c u r v e s  
d e t e r m i n e d  i n  t h i s  nay  f o r  t m o  d i f f e r e n t  v a l u e s  of  y ,  
c o r r e s p o n d i n g  t o  a s p Q c t  r a t i o s  3 a n d  6 ( y  = - - f o r  t h e  
e l l i p t i c a l  wing) .  
2 b 
r r 2  
The l i f t  a t  t h e  l a t e r  s t a g e s  of t h e  mot ion  i s  found  
by combining  t h e  e f f ec t iT re  a n g l e  of a t t a c k  a,(s) w i t h  
t h o  two-d imens iona l  i n d i c i a l - l i f t  f u n c t i o n  c z l ( s )  o f  
Xagner .  The t o t a l  i n d i c i a 1  l i f t  f o r  t h e  t h r e e - d i m e n s i o n a l  
wing ,  * n e g l e c t i n g  t h e  s m a l l  i n c r e m e n t  due  t o  a c c e l e r a t i o n  
of  t h e  doanwash f l o w ,  i s  t h e r e f o r e  
c L l ( s )  = C t  ( s )  +l” c l * I ( s  - s o )  a,, ’ ( s , )d so  (13) 
1 
P l o t s  of  c g ,  d e t e r m i n e d  by g r a p h i c a l  i n t e g r a t i o n  a r e  
g i v e n  i n  f i g u r e  8 .  
The l i f t  of t h e  f i n i t e  wing a p p r o a c h e s  a s t e a d y  v a l u e  
much m o r e  r a p i d l y  t h a n  i n d i c a t e d  by Wagner’s  c u r v e .  I t  i s  
o b s e r v e d  t h a t  t h e  downwash due  t o  t h e  t i p  v o r t i c e s  i n -  
c r e a s e s  s o  s l o w l y  t h a t  a n  e f f e c t i v e  r e d u c t i o n  of t h e  a n g l e  
of a t t a c k  d o e s  n o t  o c c u r  u n t i l  t h e  l i f t  h a s  r i s e n  n e a r l y  
t o  i t s  a s y m p t o t e .  
L i f t  w i t h  E l l i p t i c a l  Span Load ing  
The f o r e g o i n g  c a l c u l a t i o n s  of a e ( s )  a n d  F(s) were  
a p p l i e d  t o  w ings  w i t h  f i n i t e  t i p  v o r t i c e s .  Any p r e a s s i g n e d  
v a r i a t i o n  o f  t h e  l o a d i n g  a c r o s s  t h e  span may be b u i l t  u p ,  
however ,  by t h e  a d d i t i o n  o f  e l e m e n t a r y  v o r t e x  l o o p s .  . 
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The e x p r e s s i o n  f o r -  t h e  downwash a t  t h e  c e n t e r  of t h e  




and  l e t  y = - c o s  8 
y2 t x' = [(g)" t x'] [ 1 - k2 s i n "  8 1  ( 1 6 )  
where - 
/- (p)" 
k =  /cy-- t x2 
Then t h e  downwash due  t o  a s e r i e s  o f  l o o p s  o f  t h e  fo rm 
CEF ( f i g .  4)  i s  
where X ( k )  and  E ( k )  a r e  the c o n p l e t e  e l l i p t i c  i n t e -  
g r a l s .  ( S e e  P e i r c e ' s  t a b l e . )  
The i nduced  downwasn par u n i t  c i r c u l a t i o n  a round  t h e  
wing ,  as  d e f i n e d  u n d e r  The Downwash C o r r e c t i o n ,  i s  
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It is necessary, as before, to find the equivalent 
The indicial-lift functions (fig. 8 )  were determined 
length x from the distance s, (See equation (8).) 
by grapnical integrations, as in the preceding case. 
OPERATIONAL FORMULAS FOR THE LIFT 
Indicia1 Lift Functions 
The lift of a wine under various dynamical conditions 
may be cocveniently found by the operational inethod de- 
scribed in reference 5. In order t o  facilitate tho use of 
the lift functions in such problems, approximate formulas, 
together with their operational equivalents, have been do- 
vised: 
(20 )  '1s + c 63'2 2 CL (s) = Co c 2,e 
1 
Values of the constants are listed in the following table.: 
TABLE I 
Points shown in figure 8 illustrate the degree of ex- 
actness of these formulas. 
The operational equivalents of the preceding expres- 
sions are readily formed from the relation 
whence 
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L i f t -  F u n c t i o n s  f o r  a n  O s c i l l a t i n g  A i r f o i l  
F o l l o w i n g  t h e  g e n e r a l  f o r m u l a  
C & ( s )  = EL1 (D) a(s) 
t h e  l i f t  i n  s i n u s o i d a l  m o t i o n ,  where  
i s  g i v e n  by 
f! 
where t h e  i n s t a n t a n e o u s  l i f t  d u e  t o  a c c e l e r a t i o n  i s  o m i t -  
t e d .  On e x p a n s i o n  of  t h i s  o p e r a t o r  i t  i s  found  t h a t ,  
W i t h  t h e  e x c e p t i o n  o f  t r a n s i e n t  t e r m s ,  
- 
The r e a l  and  t h e  i m a g i n a r y  p a r t s  o f  C L ~  ( i n )  c o r r e -  
spond t o  t h e  f u n c t i o n s  ‘ F ( n )  a n d  G(n)  d e v e l o p e d  f o r  
t h e  two-d imens iona l  c a s e  by Theodorsen  ( r e f e r e n c e  2 ) :  
where 
11 
27~F Co + C 1  --- + 
r12 + n2 
+ i G ( n ) ]  
n2  
C, 
( 2 7 )  
2nG = - C ,  -- - c,’ 
2 2 r l  + n2 . r2 + n 2  
F i g u r e  9 s h o w s  t h e s e  f u n c t i o n s  a s  c a l c u l a t e d  f rom t h e  V a l -  
u e s  l i s t e d  i n  t a b l e  I .  
Lang ley  Memorial A e r o n a u t i c a l  L a b o r a t o r y ,  
N a t i o n a l  A d v i s o r y  Committee f o r  A e r o n a u t i c s ,  
Lang ley  F i e l d ,  V a . ,  December 1 4 ,  1 9 3 8 .  
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Figure 6 . -  Indicial-downwash curves. 
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Wave length,half chords 
Figure 9.- Lift functions for an oscillating airfoil. 
